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LONGITUDINAL STABILITY IN RELATION TO THE USE 

OF AN AUTOMATIC PILOT 

By Alexander Klenin, Perry A. Pepper, and Honara A. mittner . .- 

SUMXARY 

The effect of restraint in pitching introduced by an 
automatic pilot upon the longftudinal stability of an air- 
plane hns been stuaiea. Customary simgfrfying ~asZi&$tZ&ns 
have Seen made in settfng aomn the equatjons. of motion and 
the results of computations based on the simplified equa- '-. 

.- 
- 

tions are presented to show the effect of an automatic pi- - -- 
lot installed in an airplane of known dimensions and char- 
acterlstics. The equations developed have boon applied-by-- 
naki.ng.calculations for a Clark biplane and a Fairchild 22 
monoplane. - 

INTRODUCTION .- . 

Fen theoretical studies of the automatic pilot in re- 
lation to the longitudinal stability of the airplane have 
been published to date, A number of interesting questions 
present themselves, of the following character: - 

--- 
-I . . . What is the effect on the longitudinal dynamic 

stability of an airplane of the gyroscopic stabilizing el- 
-_- 

ement, introduced by the gyroscopic automatic-pilot? -. ,e =.--:- __i. 
2. mhat nodification of the longitudinal static sta- 

bility is permissible nhen the gyroscopic stabiliping ele- 
ment is introduced7 .-A 

3. Hov fs the motion of the airplane in varfous types ---__ 
of gust affected by the introduction of a gyroscopic sta- 
bilizing element7 - L - 

4. Ron may the action of an automatic pilot be ropre- _ _.__ 
sentsd mathematically? -2 

5. What is the effect of a lag in the action of the 
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automatic pilot, so that the perfect gyroscopic stabilizing 
element is not available7 

6. Vhat is the importance of t-he fa,ct that, when an 
airplane runs into a vertical gust, some time passes before 
the tail surfaces are subjected to the influence of the 
gust7 

An attempt has been made in the present investigation 
to ansmor these questions by calculations appliad rather 
fully to the Clark biplane treated in reference 1 and by 
preliminary calculations applied to the Fairchild 22 air- .- 
plane. 

* 

-..; 
- 
.- 

-. 

The equations of motion have been presented in their 
simplest form, with a number of factors eliminated, to 
avoid intolerable complexity of calculation and to make 
the effect of the introduction of the automatic pilo,t more 
clearly evident. 

I. EQUATIONS OF MOTION WITH A GYROSCOPIC L- 

STABILIZING FACTOR . 

The following equations are based on the system of 
axes used by the N.A.C.A. and the symbols have their usual 
significance, except for Mu, M,, Mq, and M6. In this re- 
port these syymbols are defined as 

d 
etc., but can be converted to standard form by dividPng by 

2 
kY l 

If all 'derivatives are referred to unit mass of the 
airplane and Mu is considered to be zero, the determi- 
nantal equation for horizontal motion becomes: 

? - &.I - xw g 
- z, D - z, - U,D 

0 - M, K$ 3 - MqD 

= 0 (I-1) 



. 
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If a motion in p-itch &way from the horizontal intro- 
duces a stabilizfng factor Mg, the equation of angular 
motion becomes 

so that the determinantal equation is now 

D - X, - XIV 

- zu D.- Z, 

0 - M, 

.g 

uOD 
KBa Da - MqD- - 146 

Equation (I-l) may be written as 

Ah4+ Bh3 + Ch2 + Dh+ E = 0 

where 

A = KBa 

B = - (&KBa + Z,KBa +.'Mq) 

G = XuMq + XuZwKB2 - XwZuKBa -I- gmMq - lIwUi 

D = X,M,U, d XuZwMq + X,Zl$q 

= 0 

(I-2) 
.T 

E = ZuMwg 

Equation (I-2) may be written as 

A%" f B'h3 + G'h2 -I- D'A + E' = 0 

where 

A' =A 

B* = B 

c' = c - hf6 

DI = D + Mg(Xu + Zw> 

E' = E + M6(XwZu - X,Z,) 

--.- 
(1-G 1 _ 

- 

-..- .- 

-- -- 
-- .:...e 

-- 

.-. 
-- .- 

(I-4) --'- -L 

: - .- 

-- 

z 
=. 
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Derivatives for the Clark Biplane 

Because of-the completeness of the infoTm.ation avail- 
able and because only the general effect of the iatroduc- 
tion of the factor M6 is to be investigated, the Clark 
biplane of reference 1 has been selected for experimental 
calculations., The main characteristics and derivatives of 
this airplane are as follows: 

Wing area . . . . . . . , , . . . . . 464 sq. ft. 

Span (maximum) , . . . . . . . . . . 41 ft. 

Stabilizer area . . . . . . ; . . 16.1 sq. ft. 

Elevator, area .......... 16.0 sq .. ft. 

Tail length ............ 24,5 ft. ' 

l - I 

r 
- ! 

Wei'ght . . . . , . . . . . . . . . 1,805 lb. 

Radfus of gyration in pitch . . . . 4.65 ft. 

Air speed . . . . . . . . . . . . . 76.9 m.p.h. 

u, ................ 112.5 f.13.s. 

Wing setting ........... o" 

X, ................ -0.158 

x, ............... : 0.356 

z, .............. ..-0.5 7 

z, .... :. ........ ..&5.6 2 

Mu ..r............* .o 

M, . . . . . . . ..*...... 3.2 -- - 

Mq . . . . . . . . . . . . , . . -192.0 

Vhen the values of the stability-derivatives are in- 
serted in equation (I-3), there is obtained 

J 

c , 
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A= 21.62 

B= 316.9204 

C = 1,492.9608 

D = 266.3290 

E: 58.7328 

so that .- --.L 
A’ = 21.62 -- 
3' = 316.9204 .- 

c’ = 1,492.9608 - M8 

D' = 266.3290 - 5.778 Me 

E' = 58.7328 " 1.0909 MQ 

Table I-l gives the discriminant for various values- 
of Me9 which, as will be shown later, are attainable 
mith an appropriately geared automatic pilot. 

.- 

-- _ z 
TABLE I-l 

-- Expressions for the Discriminant with Varying Values of h4g -- 

Me= 0: 21.& + 316.9204h= + 1492.96081= + 266.3290')\ + 58.7328 
- big= -180: 21.&X4 + 316.S204h3 + 16?2.9&8h2 + 1306.3690A + 255.0912 

Me= -3fX) :21.62x4 + 316.S204h3 + 1852.9608h' + 2346.409OA -I- 451.4496 
Me= -720 :21.&X4 + 316.9204h3 + 221.2.9608ha + 4426.4890h + 844:1664 
&Ie=-lOEO :21.G%* + 316.9204h3 + 2572.9608ha + 6506.569Oh + 1236.8832 
h+-2160 :21.68X4 + 316.9204h3 + 3652.96Q8>a.+12?46.8090h+ 2415.0336 -- - -. 

. 
Variation of RouthIs Discrininant with IS (ZJ 

Z'or t9e biquadratic equation 

Ah4 + Bh3 + C),= -t DX + E = 0 

Routhls discrininant, whose magnftude is a rou+;h measure 
of the stability, is --. ----- -- 
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I 

R = BGD - AD -132 - 

Bouth's discriminant has been calculated for a number of 
values of M , The results are given in table I-2 

TABLE I-2 

-1,080 4,266.l 

-2,160 I+ 10,960.O 
-_----_ ._-_- -Ipiid------. L‘. 

The results of t-his calculation are also indicated 
in figure 1. The introduction of M8 powerfully in- 
creases Bouthls discriminant. 

Variation in Roots with Varying Values of Mg 

Tho roots for varying values of Mg have been calcu- 
lated by Graeffets method, wfth subsequent improvement in 
accuracy obtained by E. B. Wilson's method, and the re- 
sults are given in table I-3. Times tc damp-to one-half 
amplitude have also been calculated in the usnal.manner as 
well as the periods. of oscil1atio.n in seconds. 

As might be expected on physical grounds, the intro- 
duction of h46 powerfully increases the dynamic stability. 

As Mg increases, the period o4ho short oscilla- 
tion decreases, and thho damping time lengthens somewh.at. 
The long oscillation passes over into two aperiodic mo- * 
tions, which are powerfully damped. 

- 

. 

- 

-- 
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TABLE I-3 

Period of 
oscillation 

(sec. > 
- -- 

1.679-i 
-4 

34.5420 - -._I 
0.1007 1.4930 
2.1935 
102088 _ ----- ._ 
0.1064 1.3565 

-360 -0.2337 2.9650 
-1.3989 .x955 I-- 

0 .7182. -5.8625 f 5.7536i 
_ 

1.0920 -720 -0.2127 3.2588 -- 

-2.7209 . 2547 
- ~. 

-5.3480 f 6.727Oi = 0.1296 0.9340 
~1,080 -0.2062 3.3615 

-3.7564 .l845 I- -- r-p- 
-4.9235 * 9.81912 0.1408 0.6399 -2,160 -0.2008 3.4519 --- 

-4.6108 . 1503 
-- --- 

-7 : _- _ _. L .-=-- .: 

The Order of Magnitude of M8 --u -_ .- 
The order of magnitude of 

- --- .- 
M 0 may be conveniently -- 

studied from the mind-tunnel tests of the B.E.C.-2 report- 
ed in reference 2. This airplane is sufficiently similar 
to the Clark biplane to serve as a basis foE calculation. .- - 

.__ 
For a biplane model of 3.7-foot span, at an air s'~e.e'd 

--- 

of 40 foet per second wpith olevatdr ne-titral, the fo1lobing 
pitching moments nere obtained: --=; - -. Y.7 

Angle of attack. a pitching moment, M 
(deg. 1 On .-lb.> 

0 -0.057 -- 
2 -.154 
4 -.226 . ._- ---._ - .- -.- :. .- & 

so that 
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a M ----_I- ‘I: ‘c 0.053 
aadegrees 

In the elevator tests, with zero angle of attack, the 
following values were obtained: 

Xlevator displacement, ee Pit clilng moment , M 
(deg.) (in.-lb.) 

0 0.02 
5 -.49 - .- ;; - 

s 0 t ha t---- 

aM ----- - = - 0.094 
ais 

‘degrees 

If it is assumed that 1: 
be followed by 3’ 

displacement in pitch would 
displacement of the elevator, the rati; 

so that a value of ahf/ae = sftm/aa> is a practical possi- 
billty. 

Since * 

= (g/y) (112.5) (-3.2) 

, so that Me can be .calculatod for various values of the 
aLqa_M_ _ 

- . 
raid.0 

a8 a0t 

- 

.L 
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II. SINJLTANXOUS VARIATIONS IX THE STATIC STABILITY -. 

AND THE GYROSCOPIC STABI-LIZIWG FACTOR 

Calculations for the Clark Biplane -- 

By obvious manipulations, the constant for the biquad- 
ratic'of the Clark biplane, at zero angle of attack, can 
be written in the form 

A= 21.62 
-. -..-- 

--.- 1:.--B 

B = 316.9204 . 
: . C = 1,132 - 112.5 Kw - Me". . . _ - . 

D = 209.2 - 17.78 lhw - 5.778 Me 

E = . -18.50 Kw - 1.09 Me 

In order to obtain a reply to the question "What modi- 
fication of the longitudinal static stability is permissi- 
ble when the gyroscopic stabilizing element is- infroduced?" 
a number of calculations have been made in"mhi~chh&h Pw 
and M8 mere varied and the results are shonn in table ' 
11-l. Values of these constants and for Bouth'ms discrimi- 
nant are given for Me= 0, -540, -1.080, and -2,160, with 
%r su'ccessively given the values 0, -0.8, -1.6, -2.4, -3.2, 
-4.8, and -6.4. In table II-2 periods and times to damp 
to one-half amplitude have been calculated for representa- 
tive combinations; s?, is the period of the short oscilla- 

- 

tion and I, is the time to damp to one-half amplitude of 
the short oscillation. Likewise T,, and TLb are the 
times to damp to one-half amplitude of the two aperiodic 
motions replacing the short oscillation. Par the long os- 
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cillation, Pa represents the period and I's the time 
to damp to one-half amplitude. Then Te and Ts are the 
times to damp to one-half amplitude of the two aperiodic 
motions replacing the short oscillation. Figure 2 gives 
a plot of RouthIs discriminant for the same represcnta- 
tive cases. 

rz 

.--. 

From these calculations and charts, It would appear 
that, once a large value of Iti6 has,boen introduced into 
the equations -of motion, it mould be a matter of indiffer- 
ence whether the static stability is double the normal 
value or reduced to zero. 

- 

TABLE II-1 

Values of Routhfs Discriminant f-or Changes in M, and w -e--y- 
-;;--ii-i-~-~~~] BaE 'J-jm-t ' 1 

0 
8 

-2s 
-2.4 
-3.2 
-4.8 
-6.4 

21.62 317 1672 3329 589 17.65x10 
21.62 317 1762 3343 604 18.71 
21.62 317 1852 3357 619 19.70 
21.62 317 1942 3372 633 20.80 
21.62 317 2032 3386 648 21.85 
21.62 317 2212 3414 678 23.93 
?1.62 317 2392 3442 708 26.10 

209 
223 
237 
252 
266 
284 
313 

o.94x10s 0 
1.08 1.50xloe 
1.21 3.02 
1.38 4.43 
lr53 5.94 
1.75 8.96 
2.13 11.99 

MAg= -540 

2*40%lo8 
2.42 
2.44 
2,47 
2.49 
2.54 
2.58 

I 

-2 

74.16ti06 I 
84.72 
94.37 

' 106.19 
118.33 
141.29 -. 
169.88 .-. 

. -..- 

. . .-- 
5.92x107 14.66X108 
6.06 15.68 6.22 16.64 .- 

6.36 17.68 
6.51 18.71 
6.81 20.71 
7.11 22.81 
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TABLE II-9.-Gortinued 

Me = -1080 
--____ 

45.23X108 8.99fi08 ll.84X107 35.06x10' 
9.03 11.99 36.94 
9.07 12;14 38.84 
9.11 12.28 40.65 
9.15 12.43 42.66 
9023 12.73 46.51 
9.32 13.03 50.53 

, , . 

12669 
12683 
12697 
12712 
12726 
12754 
127E3 

Me = -2160 

2350 112 4Xloj 
2365(136.0 
23801139:5 
2394 143.2 
2409 147.2 
2439'155.0 
2469llE3.6 

TAGL'E II-2 - 

- 0 
I 

34.7 x10' 
34.8 
34.9 
35.0 
35.2 
35.3 
35.4 

8 
I 

236.1X106 95.34>(108 
238.0 98.82 
239.5 102.20 
241.0 105.79 
2G.O 109.60 
245.0 117.25 
248.0 125.72 

I 

. .-- 

-- 

Periods P an& Tines to Dmzp to One-Half Amplitude, T --.- --w-v- 
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Calculations for the Fairchild 22 Airplane 

The calculations made on the Clark biplane in hori- 
zontal flight have been repeated for the Fairchild-22 
high-~ing'monoplano, a more modern afrplane of somewhat 
higher loading. In these calculations a horizontal glide, 
porrer off, has beon considered. 

The main characteristics and derivatives of the Fair- 
child 22 airplane are as follows: 

ring area ................ 171 sq .. ft. 

Span .................. 32.83 ft. 

Stabilizer area ............. 15.8 oq. ft. 

Elevator area ....... .'. ..... 10.4 sq. f-b, 

Tail length ............... 14.69 ft. L 
I 

Weight ................ 1,600 lb. 

Radius of gyration in pitch ' . . . . . . 4.41 ft. . 

Air speed . . 

U 0 *'*-. 

'IVing setting 

xu . . . . . 
xw . . . . , 
z, . . I . . 
z, . . . * . 

Mu . . ; . . 

M, . . . I . 

IvSq l : . , . 

.............. 

.............. 

............. :. 

.............. 

.............. 

.............. 

.............. 

.. ., ........... 

.......... ; .... 

.............. 

90.7 m.p.h. 

133. f-p. 9. 

-lo 

-0.0834 

0.2290 

-0.4830 

-2.4850 

-0 

-2.1300 

-64.0 

When these derivatives are inserted in equation (I-l), 
the expressions for the constants in equation (I-3) become: 

- 

. 

” 

n r ” 
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A = 19.60 

B = 114.40 

c =,170.33 - 133.0 Id, - Me 

D = 20.38 - 16.57 M, - 2.57 Me 

E = - 15.77 bl, - 0.318 Ilo -- - - 

or 
A= 19.60 

B= 51.40 - AI Y 
c = '6.23 - 2.57 Mq -133.00Mw-M8 - - 

D = - 0.32 I$ - 16.57 IL, - 2;57 IQ 

E= - 15.77 I& - 0.318 M8 

Effects of variations in I.&. and I@. - The effects -- -------mm--. 
of variations in ?.$v and M6 are illustrated in tables 

.z -- 
- 

II-3 and II-4 and in the curves of figures 3, 4, and 5. 

The results of the calculations shown in table II-3 
and figure 3 have the same general character as the results 
of similar calculations for the Clark'bipiane; As 2s Q 
increasas from zero to a value of -270, the long oscilla- 
tion'is replaced by two rapidly damped aperiodic motions. 
At the samo time, 

_. -... ___ 
the aeriod'of tho short osciilation &3- 

comes more rapid and t&e tima to 'damp-to- one-half ampli- -. 
tude longthons somcnhat. The Bouth's discriminant incrcas---- ..y 
es to ra.lativcly 'enormous values as k-s 0 incraases. 

There are very clear lessons to be derived from table 
Ii-4 and figures 4 and 5. The n 1+v is given zero value, 
the period of the short. oscillation.becones unduly long and 
the long oscillation.pa.sses over into tno real ro.ots, one 
of rshich is zero and the other is of small- negative value 
so that danging is small. But with M, = 0 and even a 
noderato value of M.6, 
bocomeesatisfactory, 

the geriods*and_t_he damping tines 
and tha Routh*s discriminant boconos 

anornou6 in value. At other values'of h&', it is the 
value of. M 0 that has the pradomYnating effect.: ..-_ = 
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TABLE II-3 

Periods and Damping Times for F-22 Airplane: Mw = - 2.13 

---- 

hf 0 

--- 
0 

-270 
-540 

-1080 
-2160 
--- 

(original value) 
------ - 

Short oscillation 1 Long oscillatfon --- 
1 

---- ---L- 
Times to 1 
damp to 

Period one-half 
(sec.) amplitude 

(sec. > 

1.66 0.241 
1.26 299 
1.03 1337 

,817 .372 
.577 .394 

Period 
(sec.) 

22.5 

It would appear that the 

I- 

I - _----- 

Times to 
damp to 
one-half 
amplitude 

(sec.) -w----v em----- 
12.52 - 

.673 3.54 
.433 4.40 
.348 

--- 1 

4.60 
,314 4.93 

------ 
value of IA,, 

Xouth's 
discriminant 

.------ - 
2.385 x lo= 

,49.44 
120.60 
335.06 

1049.57 
--- --_..-- 

that--is, the 

- 

magnitude of the static longitudinal stability, is imma- 
terial as long as a gyroscopic stabilizing element can be 
introduc-ed. 

TABLE -11-4 - 

Periods and Damping Times for F-22 Airplane MI----- -- 
Short oscillation Long oscillation 1 ..--- --- --- 

Times to Times to 

M6 MW Period damp to Period damp t-6 
one-half Routh's 

(sec.) one-half- 
amplitude (sec.) amplitude diecriminant 

(sec.) (sec.) 
0 14.00 0.241 5.31 0.388 X 10' 

0 -2.13 1.66 .241 22.50 12.52 - 2.385 
-4.26 1.18 .240 21.00 11.51 - 6.609 
0 1.40 0.556 - -0.214 5.52 73.25' 

-540 -2.13 1.03 .I?37 $433 4.40 120.60 
-4.26 .863 ,303 .&7 3.63 169.97 

0 0,935 0.465 - 0.251 5-.52 242.50 
-2.13 ,.817 .372 ,348 4.60 335.06- 
-4.26 ,714 ,336 1 ,435 4-36 428.62 

0 0.622 0.441 - 0.268 5.52 866.00 
-2.13 ,577 .394- - .314 4.93 1049.57 
-4.26 .535 .362 .368 4.79 1236.14 

3 

^- c 
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Effects of variations in 
value-of 

M, and Uo with a constant 
M 0 , - ,The interesting result that emerges from the 

calculations shown In table II-5 and in figure 6 is that 
the Bouthts discrinfnant and the roofs of the equations 
remain satisfactory nith a moderate value of Hq even --- - 
when MV = 0 , provided that Mg = - 2,160. Only when both 
% and EIq does instability appear and even are zero, 
then the unstable notion takes 9.85 seconds to double in 
anplitudo. 

The preliminary conclusion is that, with the aid of a 
gyroscopic stabilizing elenent, both the static stability 
and the danp.ing moment might be considerably reduced. 

- 

Of course, if damping nonent mere considerably reduced 
by appreciably shortening the tail arm, there would be dif- 
ficulty in obtaining high values of M6. - ~ 

Bevertheless, a most interesting prospect of investi- 
gation and development appears to lie open, tending to-de- - 
signs in which the length of the fuselage ti.o.uld be consid- 
erably shortened. If full advantage rpers also taken-of .A 
the possibility of decreasing the moment of inertia about 
the transverse axis, SO that longitudinal. restoring or 
controllfng nonents could be reduced, there would be an av- 
enue of approach to the tailless flying-wing type of air- 
craft. L. . _~ - 

TABLE II-5 
Periods and Damping Tines for F-22 Airplane 

Short oscillation Long oscillation 
Times to Times to 

Me Mw Q y~'c"~ ZZZf Period damp to 
one-half Routh's 

. amplitude (sec.) amplitude discriminant 

(sec.) (sec.) 
-64 0.577 0.394 0.314 4.93 1049.57 x lo6 

-2160 -2.13 -32 .576 .759 ,308 4.93 549.11 
0 .574 7.340 .308 4.93 76.17 

-640.601 0.416 0,289 5.11 958.8 
-2160 -1.06 -32 ,596 ,828 .288 5.11 483.2 

0 .595 46.000 w .287 5.11 38.21 
-640.622 0.441 0.268 5.52 866.00 

-2160 0 -32 .617 .927 .248 5.65 419.34 
0 ,616 a9.85 ,248 5.65 .25 

aReal part positive, was 

- 

- 

.- 
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III. MOTIOI? 117 A S?LkRP VERTICAL GUST WITH ABD 

?YITHOUT THE INTRODUCTI0.X OB A GYROSCOPIC 

.STABILIZING FACTOR 

Mathematical Statement 

The motion following a sharp up?ard vertical gust, of 
magnitude tv, (where w. is positive), is given by 

(D - X.&z 4 X,,IY * ge 

-Z,u + (D-Z&7-U,D6 (111-l) 

0 - qp -I- (Kg2D2 - tiqD)0 = ll!;rrwc 

gust The equations assume that the line of action of the 
is along the Z axis. 

Let 

I 

D - *II - xw g 

- zu D - Z, -UoD =F 

0 ihw K 'D2 B . I.fqD 

D 

The synbolic solutions for the three variables then be- 

1 

cone : 

u = w. 

, D I -x, 
B = -z. 

6 = m, 

.& : 

ZU zrf 
0 -' 11, -- 

F(D) .- . 

. D "X, '-x, x,. I 

- Z, D - Z, Z, ' 

.- 

- 

(IIT-2) 
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The total acceleratior alang the OZ axis is -----------A 

Dw-UoD6' : (111.3) 

. The actual velocity in.spa$e along m-e- 
given by 

the OZ axis is 

'D - *u x, ". 6 

=0 " %I ZlT ,' - U,D 

0 l,f.i, K. 2D2 23 - tqD 

(III-4) 

I 

---------_- 
F(D) 

The actual solutions may be obtafned from.the modified 
Heaviside identity -- 

L<.EL 
F(D) 

F f(O) + C f:A)- eht 
FfO) h h F’(h). 

(III-3) _ 

whose numerical evaluation has nor been dealt‘.with in many '* . 
publications. (See references 3 and 4.) -7 

- _ ..-__ --- - 
When the gyroscopic stabilizing factor lfe is intro= I - 

duced, the symbolic solutions assume the form: 

*TY - x, g 

u = 5-0 ZTV D - Z, - U,D 

IS, - IA, Kg2 D2 - XqD - MS 
------ 

D - -x, - x, g 

- zu D - Z, - U,D 

0 - 14, K B 2D2 - Y D "9 - Me 

(111-e) 

with similar expressions for v and 8. 

Solutions of the Equations of Motion --- 

Motion in. n.- ----- Solutions of the equations of motian 
are given in tables III-l, ,III-2, 111-3, 111-4, IITk5,Land- 
III-6. - -. _ 



TABm III-1 

Solutions for w/w, 
P 
co 

ME 

0 

-180 

-36J 

-720 

-lo& 

-2160 

-- 
Me 

0 

-a33 

, 
- 

onstant 
term 

-1.OOC9 

-l.ODoC 

-l.Uboc 

-l.mx 

-l.d& 

-1.qcux 

- 
t / - 

1 I 

Long oscillation 

-0.0884 
0.028le cos(O.1819t - 1.4561) 

Slowly Rapidly 
dsqed dauped 
exponential ,expor,ential 

-0.5734t 
-0.0608e 

-0.31m 
0.1055e 

-.P148e -0.2337t l l33ge-1.3969t 

-.0110e-o-2=7t .393&-2-7209t 

-.ow5s -0.20&t . 6&ge3.75b4t 

-.0Q79e-0.2008t .83g5e-4.6108t 

Short oscillation 

-7.2410t 
1.09490 cos(3.7~14t - 0.4137) 

4 

.9793e-6*8847t cos(4.2085t - 0.2373) 
i 
" 

.S898e-6.5130t cos(4.m20t - 0.0808) P * 

.,,,-5.8625t cos(5,7536t+ 0.2599) H al 
0 l &57&e-5.348xX cos(6.iWOt +0.4092) & 

.193&?-4'g235t cos(9,6191t + 0.5076) : P 

2 
?ldaLE III-2 ck 

l-9 

-.-- 
:onstant 

term 

-- 

-- 

Solutions for u/w, 

l- 

2 

0.3810e -0.0884t cos(O.lEl9t - 1.4862) 

Short oscillstion 
. 

% 0-i 
1 -0.0356s 

-7.2410t 
cos(3.7414t-tO.4258 

Long oscillation 

Slcaly Rapidly 
daqmd daqed 
exponential exponential 

0.0033e-4'g236t cos(9.8191t - 0.7477) 
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Table III-1 gives the motion in ~7 (i.e., along the 
03 axis) for varying values of IQ. Vhon the aLrrplane en- - 
counters the sharp vertical gust 80 ' directed vertically 
upnsrd or, rather, negatively along the 02 axis, the sum 
of all the terms evidently represents the actual motion in 
space. If the constant term is eliminated, the rest of the 
solution represents the motion relatfve to the upnardly 
directed flow of air. As already indicated in section I, ._ 
the introduction of l#I !J splits up the long oscillation 
into tno exp.onential terms, one slowly damped and the other 
rapfdly damped. StudJ of table III-1 indicates that, as 
IS 0 is increased progressively: - 

1. . The short oscillation becomes less rapidly 
damped, but the amplitude of this oscillation dimin- 

_-- 

ishes. 

2. The ~10~71~ damyed exponenti.al term becomes ---- 
progressively less damped, but its amplitude becomes 
more and more insignificant. : z-. __ 

3. The rapidly damped exponential increases in 
amplitude, but its damping steadily increases. 

If the airplane does enter a region where there is a 
steady vertical motion of air, then the soo.ner it adjusts - 
itself to this condition and the sooner the "residual" no- 
tfon disappears, the better. The conclusion is therefore 
that increasing values of 119 progressively improve the 
motion in 8. -.. :-_ 

This conclusion is strengthened by a consideration of 
the curves of figure 7 @hero the residual motionyri w]mo 
is plotted against time; for the &trcno-cases considofi-d, 
1s e = 0 and kI8 = - 2,160. At t=O, the residual veloc- 
it;Y -4.Q = 1 in both casts, of course, but the negative 
values of dm, that appear after a second or so are very 
much snallor in the case of the large value of 1s 8 and the 
motion as a nhole disappears quite rapidly. 

GIion in u.~ Results of calculations of the extreme 
Cases for motion in u are tabulated in table III-2. As 
might be expected on physical grounds no constant torn is 
present in the solutions of the equations of notion. As 
in the case of notion in m, the long oscillation splits 
up into a slonly damped and a rapfdly damped oxponentfai ----- _-.- 

- 

- -- 
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term when the large value of M6 is introduced. The short 
oscillation remains but has a considerably shorter period 
and less damping, just as in the case of motion in w. 
The value of the constants being so small in all terms, it 
is clear that the amplitude of the motion in u is great- 
ly reduced by the introduction of the gyroscopfc stabiliz- 
ing--factor. 

I 

Motion fn 8.- The Improvement in the pitchtng moment 
is still more marked, as indicated by the equations in 
table III-3 and the curves of figure 8. After a second or 
so, the motion in 0 practically vanishes. - 

Solution of the Equatfons of Acaoleration 
along the OZ Axis 

From the solutions of the equations of acceleration 
along the 02 axis, a marked improvement is evident with 
the resultant acceleration vanishing very rapidly, as is 
apparent from tables III-Q, 111-5, and III-6 and from 
figure 9. There is similarity in the Qffects produced on 
w, dw/dt, and U,q- and hence on (dw/dt> - U,q. In 
all these motions, the short--oscillation remains with more 
rapid period, a trifle slowor-damzing, but lesser ampli- 
tude. The long moderately damped oscillation splits up 
into two exponential terms: one is slonly damped but of 
very small amplitude; the other is of greater amglltude 
but very heavily damped. The reason for the improvement 
is apparent from the solutions for dm/dt and .dG/dt. 
The values of dm/dt damp out very rapidly, and the vnl- 
ues of df3/dt are much smaller (as would be expected 
from the small values of 8). Although the introduction 
of the gyroscopic stabilizer cannot possibly havQ an effect 
on the initial value of the acceleration, mhich is depend- 
ent only on the value of %Po 9 the virtual disappearance 
of the pitching motion serves to eliminate the centrifugal 
forces that subsequently form the larger component of the 
acceleration. 

* - 

- 

. ; 
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'PABILE III-3 

Solutions for e/w0 

--l--- 

Me 
cons teJlt 

tern 

0 - 

-2160 -- 

Long oscillation 
I c 

I -0.0224e -0.ol384t 
cos(0.1819t . 0.4061) I 

Short OeCillation 

o 0&9e-7.2410t 
. cos(3.7414t - 1.0948) 

0.00154e 
4.9235t 

cos(9,8235t-O.O263) 

TABLE III-4 

so1lltiom for ($ - U,+, 

%I I constEult term Long oscillation Short oscillation 

I -0.0884t -7.2410t 0 - I -0.0477e . coe(0.1819t - 1.4043) ;6,12358 I cos(3.7414t-0.4117) 
I I I-- - 

'Slowly I 

I 

Xapiaiy 
damped damped 
exponential ex~onegtial 

I I I I 

~1aI _ 1 o~oo~~0~2008t / i4,rj734i-4*6108t 1 -J,08&-4’g235t cos(9.819lt cO.5058) 

2 
. 

m 
m 
m 



. 

c 

-2164 - -o.o~e-o*2~~t 0.7763e-4g6108t -1.S563e-4'g235t cos(9.8191t - 1.13L7) 

onstanl 
term 
; 
! 
1 

TAEZZ III-5 

Solutions for so 

Long oscillation Short oscilla tiOn 

-0.om4t 
cos(0.1819t - 0.3535) -8.9239e 

-7.2410t 
-0.OC57e cos(3.?4!4t - 0.8907) 

Slowly aapialy 
damped aqea 
exponential exponential 

0.0016e -0.2cwt -3.8708e 
-4.6108t -~U222e--4'~~~~~ cos(9.U91t - 0.5984) 

TABLE III-6 

Solutions for U,q/w, 

Constant' 
tern I Long oscillation Short oscillation 

-- -0.08Wt 
0.04508 cos(O.lEl9t - 1.5133) -4.488Ee 

-7.2410t 
sin(3.74l.t - O.ooaO) 

Slowly' ilapiavy 
wea damped i 

expneptial exponential 

rJ 
N 

m 
m 
m 
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IV. MOTION IN A DELAYED GUST 'KITH AND WITHOUT 

THE INTRODUCTION OF A GYROSCOPIC STABILIZING FACTOR 

Calculations for motion in a delayed gust of the. form. 
m,(l - e-t) have been carried out for only the two 8x1 
trene cases, M6 = 0 and Me = - 2,160. The solutfons- 
are presented in Gables IV-1 to IV-4 and in the Curves of 

--__ 
---_ -' 

figures 10, 11, and 12. The results shov tendencies sini- -- 
lar to those present under the actfon of the sharp gust, .- - 

* 1. With the introduction of a large value o.f Eda, 
the long cscfllation again splits up into tmo exqonentials, _ --__ 
one slowly damped and one rapidly damped. . -..-.- 

2. The motions in w and u are very much better in 
the constrained airplane. -- -- .- - 

3. The motion in 8 practically disappears on the 
fntroduction of IA*. 

4. The maximum acceleration along the OZ 'axis is 
slightly smaller when Id8 = 0. Without the introduction 
of the gyroscopic stabilizing factor, the less.constra.ined _- .___ 
airplane (Me = 0) has a tendency to head into the resui%- 
ant nind and to relieve the acceleration. The difference 
is so slight, however, as to be negligible. Subsequently, 
the acceleration damps out very much bettor in the con-- ---- 
strained airplane. - _ - - -.~ .._ 



0 -1.oooo 

i -2160 -1.OOOo 

1.1449e-t 

1.2402e-t 

TABLE IV-l 

Solutions for W/WC 

Long 06Cillation 

,.,&-O.O884t sin(O.l819t-O.OW; 

Slowly 
damped 
exponential 

Rapidly 
damped 
exponential 

-0,2325e-4'610et 

. . 

TABLE IV-2 

% 

0 

,m 

-2160 

onstant 
term 

-- 

Short oscillation 

0.01me-4.9235t sin(9.8191t+O.l2&) 

Solutions for u/w0 

Lxponential 
term Long oscillation Short oscillation 

0.0428e -t 

I 

0.1161e-t 

Slowly 
damped 
exponential 

'Papidly 
damped 
exponential 

I 0 0948e4’2008t . I 
0.01?18e-4.6108t 

0.0047e -7*24L0t coe(3.7414t-O.1470) 

.,.-.-4.9235t cos(9.8191ttO.4638) 

. ,’ . 



I I 
I L I 

&I 
Constant 

term ---I- 0 o.olxm 

-21601 0.0000 
I 

MEI I Constant 
term 

0 .-.- 

-2lWI - 

f ) 

i 

- 

TABLE IV-3 

SoPltions for 0/r, 

Exponential 
term Lmg oecillation Short oscillation 

0.0CE7emt -0.CXX5e-0*08Mt cos(&1819t-0.5880) -0.0007e-7'2410t cos(3. 7414t-0.4637) 

r !$E!nti*l 1 SSial J . 

-0.000381%-~ 0,000015e- I 
0.2008t.l 1 0.000429e-4'6108t -0.000425e-4'g235t COB I ( 9.8141t+l/1593) 

-+-- 

'TAGE IV-4 

Solutione for 

Zxponential 
term Long oscillation Short oscillation 

-t -0.8387e 0.0414e-0*08~t cos(0.1S19t+1.2513) 0.8419e?'241°t cos(3.7414t+0.1271) 
Slowly Rapidly 
damped damped 
exponential exponential 

-1.2836eelt 0.0015e-0'2008t 1.2g43;-4.6108t -0.1~ge-4-g23~t cos(9.8191t-1.4470) 

! 
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V. MOTION IN AN INFINITELY SHARP HEAD-ON GUST WITH 

AND WITHOUT THE INTRODUCTION OF A 

GYROSCOPI-C STABILIZING FACTOR 
-/ . . 

Calculations have been made for the motion of the 
biplane, encountering an infinitc- same airnlsne, the Clark 

ly sharp head-on gust of strength uo,-at t = 0. 

(D " X,)u - x,w . + ge = Xuuo 

w- U,D 8 = zuuo (v-1 > 

0 - M,m f -(KB2D2 - MqD)e = 0 
I 

The introduction of the gyroscopic element modifies I 
the pitching-motion equation to 

0 - M+v + (Kg2 D2 - MqD - MQ,) 8 = 0 .- 

The solutions far the motions in TV, u, and 6, and 
for the acceleration (dn/dt) - U,q are. given in -terms 
of u. fn tables V-l, V-2, V-3, and V-4 and,in the curves 
of figures 13, 14, 15, and 16. In figure 14 the ,residual 
motion in u is plotted, that is to say, with the con- 
stant term u. eliminated, because the interest is mafnly 
in knowing hov quickly the airplane settles dorm to its 
final velocity U, - uo. 

:. . . .-- 

c 



. I 

Me 

C 

-2160 

1 

TABLE V-l 

Solutions for w/u. 

I 
Long OSCillation Short oscillation :onstant 

term 

-0D0884t -- -0.0857e coa(0.1819t + 0.4296) 0.0779e -7*2410t cos(3.7414t + 0.0727) 

1 -o.0101e-4*g235t cos(9.8191t - 1.5150) 

TBBLE V-2 

Solutions for u/u, 

ye constant 
term Long oscillation 

' I . 
Short okllation 

Slowly 

t- 

daqed 
gxponential 

I 0 -1.00000 I 1.113580 -0'0884t coa(O.l819t+O.&04) 

I -0.01002e -4.6108t 
I 

-0.C$J254e-7’2410t cos(3.7414tt0.9045) 

0.03017e'4'g235t cos(9.8191t+O.k56) 

I I 

s: 
P 
. 
cl 

i 

I 

I 

I I 

ri 
-.I 



TABLE V-3 

Solutions for cl0 

- 

lonstant 
term 

Cons tad 
J-r- 

*e term 

0 -- 

-2160 - 

Long oscillation Short oscillation 

-0.0884t 
-0.Q07l2e cos(O.1819t+l.5299) I 

-7.2410t 
0.00035e cos(3.7414t-0.6081) 

Slowly 
damped 
expmential 

-0.000200 -4.6108 
"I O.OQOOEe 

-4.9235t cos(9.8191tf1.0909) 

TBBLF v-4 

Solution6 fot 
dW 

( 
g - U,q /u, 

> 

Long mcillation Short oscillation 

-0.0884t 
-0.15361~~ cos(0.1819t+0.5165) -0.43684e I 

-7.2410t 
cos(3.74tt0.07cC4) 

o.02478ea0*2008t 1 -0.598&e 
-4.6108t 

I 0.05680e 
4.9235t 

cos(9.8l91t-l!.5l30) 

N 03 
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As noted in the previous sections, with the introduc- 
tion of the gyroscopic stabilizing factor, the long os- 
ciliation passes over into two rapidly damped aperiodic -8 
motions. The short oscillation has its period lengthened. 
The ampl9tudes become very small in all cases. The im- 
provement in the motion due to the introduction of the ; 
gyroscopic stabilizfng factor Is greater than is the case 
with vertical gusts. This fact is readily esplaina5le by 
simple p.hysical considerations. In the case of the ver- 
tical gusts, in the first instants of the motion, it is a 
dramhack that the gyroscopic stabilizing factor tends to. 
maintain an invariable attitude relative to the horizontal: 

.- 

whereas, without the automatic pflot, the inherent stabil- 
ity tends to vary the angle of attack so as tb reduce the 
accelerating force along the normal axis. But in-the casa 
of the head-on. gust, the action of the automatic pilot is . 
beneficial from tho very first instant, as quite elemen- 
tary considerations indicate. The incidence of the gust 
increases the lift and produces an upward motion that de- ---- - 
creases the nnglo of attack. In an ordsnary'air@lane thE-- 
action rrould be followed by a positive displacement in 
pitch. Such a positive displacement is vigorously resisE:- 
ed by the pilot, and hence the nbrmal forc.o-and the ver- 
tical accelerations are kept down to a minimum. This rO-- 
suit is clebrly indicated in figure 15. Indiretifiy~Z.11 
other motions are improved. .-. 

- ._-_ 

VI. MATHEKATICAL RFPRESENTATION OF THE ACTION OF 

THE SPFRRY AUTOMATIC PILOT i._. 

Simplified Description of the Sperry Automatic Pilot 

Reference 5 gives a simplified, yet roliablo descrip- 
tion of the Sperry Automatic Pilot. -~ - 

The functioning of this device can be followed by ref- 
erence to figure 17, which nay be taken as Cimlying to-the 
elevator control. The rectangular box irZLQa.ted in the up- 
per part of the diagram contains the ‘gyroscoDe and air 
pick-offs. Vhen the automatic pilot is operating'tce-%oIZ[: 
is under suction, produced by the suct%&n p1!3$~ nir; in-- - : .-- _ 
dicated in figure 17 as entering through the 6.bttom of the 
box, drives the.ggroscope by impinging on buckets on"'%he 
periphery df the gyroscope rotor. The alSiS YYI of.the 
gyroscope may be considered as remaining truly vertical 

-- -- 

L 
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because of a mechanism incorporated in-the instrument (but 
not shown in the diagram), rrhich is designed to correct 
any precessional movement of the gyroscope. 

As shown fn figure 18, l-lhen the airplane is flying on 
the desired flight path, both air pick-offs .are partly 
open and pressure is equal on both sides of the air-relay ' 
diaphragm, Then the sirplslze pitches, however, t;le air 
pick-offs rotate with it, milile the gyroscope axis retains 
it-s vertical position in space. The relative angular moved 
nent between the air pick-offs and the gyroscope causes 
one pick-off to bo more or less completely uncovered mhilo 
the other pick-off opening is blocked off-a liko nnount. 
The result of pitching tho nose of tho airplane up is illus- x 
tratod diagrammatically in figuro 17, rrhero tha. loft pick- 
off is shotvn fully open and the-right pick-off conplotely 

' blocked off. 

Unequal restrictions are thus. imposed on tho flow od 
air entering the air relay through the air inlets on each 
side of tho diaphragm and oxhausting into the gyroscope 
chamber, resulting in a displacement of the dfaphrngm ow- 
ing to the unequal pressure drop along tho two air paths. 

The oil-relay valve, being mechmically connected to 
the air-relay diaphragm, receives the same displacement as 
the diaphragm, thereby admitting of1 under pressure to the 
hydraulic servo--cylinder, The servo-cylinder piston, as a 
result, is displac-ed to the left. The piston rod, connect- 
ed to the servo-cylinder piston, protrudes though both ends 
of the cylinder and, for the case under consideration, 
would be hooked into the elevator-control system in such a 
manner that a movement of the piston to the left would de- 
flect the elevator downward. 

A speed-control valve Z is used to regulate the 
speed of response of the piston in accordance with condi- 
tions of gustiness. A pressure regulator P prevents the 
speed of travel of the servo-cylinder piston from exceeding 
a certa5.n value. 

Aa important elemen t of the gyropltlot fs the follow- 
up system. Tho function of the follow-up is to insure 
that the control movcment'rvill be proportional t.o tho air- 
plane displacement. It is clear that, without the follor7- . 
up, any small displaconont of the airplane would cause the 
elevator deflection to continue to increase until it 
reached the uaximum v,alue, unless the airplane in the mean- 

.- 
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time had returned to the preassigned flight attitude. In 
practice, this characteristic would result in excessive 
control apPlication, making the airplane overshoot when 
returning to the desired flight Path. Thus any slight dig-.-- 
turbance mould cause a series of violent, rapidi diver- 
gent, oscillations. 

The follow-up system consists of a cable and pulley 
arrangcnent attached to the servo-cylinder piston rod 'so 
that the pulley. S (fig, 1'7) on the gyroscope-case is ro- 
tated in proport;l.on to the dfsplacement of the seFvo- -- 

cylinder piston. At tho othor end of the shaft carrying - 
the pulley S is a norm and nheel sector, T, which thus 
rotates the air pick-off assembly fn proportion to the 
displacement of the servo-cylinder piston. IVhen the air- 
plane receives a large disturbance in pitch, 

-- --.. L 
considerable 

displacement of the servo-cylinder piston can -occur b&fTore --- 
the air pick-offs am noutralized by means of tho foilom- 
up system and further control displaccmcnt is Provented. 

L 

For small disturbances, however, little control deflectson 
-- 

nil1 occur before the follorr-up rotates the pick-offs back. _.._ 
to neutral. 

Information Supplied by the Sperry Gyroscope GorPoratfon . . 

In a communication received from H. Hugh millis, Re- 
search Laboratory of the Sperry Gyroscope corporation, 
the following information has been supplfed, nhzch is il- 
lustrated in figure 19. 

The angular motion of the airPlane that occurs 
before servo control starts varies from 10 fo 20 min- -_ 
utes of a degree on commercfal Gyropilots. Recently, 
we have found in the larger airplanes a dead &PO-~ of 
30 minutes of a degree provided better ?lying control 

--- 

and me are Preloading the balanced all valve accord- 
ingly. For bombing, mapping, etc., me adjust air 
gaps closer and obtafn servo control for angular 
changes of 6 and 7 minutes of a degree. ThIs causes 
contfnued hunting of the control at a frequency ap- -- 
Proximately 250 cycles a minute. The amount of con- 
trol is insufficient to affect the attitude- of the 
airplane unless the airplnne deviates more than 6 or 

-~ - 

7 minutes of a degree. 

. The speed of servo control varLes proPortionately 
with amount of deviation up to 2O. -The-following 
curves show the 'relation of'angular change of attftude -- 
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of the airplane with regard to the gyro and the rey.- 
sultnnt servo speed, 

The follow-up system lim2ts the amount of con- 
trol per dogroo change of sttitudc of the airplane __ 
as folloms: 

For airglanes sensitive to control, the follom- 
up ratio is set to permit from 0.25' to 0,8' elevator 
movement per degree. change of attitude. 0,ther a&r- _... 
planes require up to 2O control per degree change of 
attitude. The average installation uses a 1:l ratio. 

A linear motion of the servo-piston of 1 inch 
varies angular control motion fram 4' to 15'. 

Further in actual flying the practice is to re- 
strict servo speed by the servo-speed control.valves 
in the hydraulic system. In smooth air servo speeds 
are limited to from 1 inch per second to 1 inch 
5 seconds effective on deviations greater than 2 g er 

. 
In turbulent air, speeds are increased up to naximumc 

Due to- the fact that oil pressures are liaftad 
to permit the human pilot overpowering the gyropilot 
in energoncies there are times in very violent afr that 
control load exceeds servo power and no control oc- 
curs momentarily. 

Other pertinent information receSved from the uanu- 
facturer is: 

1. The limit of the displacement of the elcva- 
tor by the piston is simply the usual stops on the 
control cable. 

2. On return travel the curve of figure 19 also 
applies. 

3. Then the allrplane .has returned to the same 
attitude as the gyro, the servo-piston is, of course, 
at rest. 

Discussion of Mathematical Representation 

There is reason to believe that the curve of figure 
19 is derivedfrom laboratory experiments, while the state- 
ments "Far airplanes sensitive to control, the fallow-pp.--. 

- 

. 

I 
- 

. 
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ratio is set to permit from 0.25' to 0.8' elevator move- 
ment per degree change of attitude. 
quire up to 2O 

Other airplanes-rc- - 
control per degree change of attitude." 

are derived from experience in flight. .- 

To give an exact mathematical representation of the 
action of the automatic pilot would offer insufferable 
difficulties, but a aualitative discussion may lbe of in- 
terestand 
gation. 

Let 

Then 

while 

Also, if R is the pick-off ratio, that is,-the ratio 
by which the displacement of the elevator. ha-s-50 3e multi- --- 

-- 
plied ?d in order to give the, llbackmardlr travel of the 
air pick-off and, if 8 g is the lag angle befare.the gilat 
comes into play, then the servo-cylinder has 'a differential -~ 
pressure acting on it as long as . . -. .- .---. - v---L .- 

be sufficient for the purposes of this investi- 

6 eg be angular displacement of the elevator. , 

%' time at which the air pick-off has been 
sufficiently displaced for the automatic 
pilot to come into play. 

. . 
6, dt2 

- 
-. 

0 - 

when 

t t 
eg = sr $ dt' - 0 :0 

t.' t 

ff 
"e dt2 - Bg = 

. - 
0 0 

t 
r se at2 “t, ; 

i;', dt2 

the servo-cylinder ceases to operate and the sle-sa.tor, t.b 
be displaced. 
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It is therefore clear that, if R (the pick-off ra- 
tio) is always substantia1J.y greater than 9, the action 
of 'the elevator will be represented substantially by the 
equation 

I 
:: 

B 6, = 9 - eg 

Hence, it follows that the stabilizing action of the 
automatic pilot can be represented with fair approximation 
by the term Me(f3 - 0,). 

l . 

From the information given, it would appear that 6s 
Ts always a constant but; in reality, the automatic pilot 
provides for adjustment to suit varying atmospheric condi- 
tions, with piston acceleration greater under conditions 
of greater gustiness. 

It may also be surmised that the action represented by 
the equation R 6e = 9 - 8, is assisted by other f1j.gh.t 
conditions. When a vertical gust, say, first strikes the 
airplane, the angular acceleration is also at a maximum. 
After the angular lag has been overcome and before the el- 
evator has been displaced, the acceleration of the servo- 
cylinder should also be at a maximum. Inasmuch as the . 
angular acceleration of the airplane diminishes under the 
action of damping and elevator movements, the automatic 
pilot now encountering a groater hinge moment from th.e 
displaced elevator must also impose a lessened accolera- 
tion on the elevator. 

Further consfderatfon indicates that, when the air- 
plane has received its maximum angular displacement so 
that q=O, the elevator must also have its maximum dis- 
placement. Again, when the airplane begins to return to . . 
its normal position, there must again be a lag in the ac- 
tion of the automatic pilot so that, its action must now be 
represented by the expression Me@ + e,). 

VII. MOTION IN A SEARP VZRTICAL GUST WITH 

LAG IN APPLICATION 02 THX GYROSCOPIC STABILIZING FACTOR 

The motion in a sharp vertical$wt, when there is a 
lag 0 

g in the action of the gyroscopic stabilizfng ele- 
ment , can only be determined by a number of calculations 
of a discontinuous character. 

x - 

= 
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If, at time t = 0, the airplrtne is struck by a sharp 
upward gust of constant velocity wo, the equations of 
motion are 
(111-l): 

those previously. given in section III, equation 
.- 

(D - X,h - x,-N t-’ g 8 =. x,m, ‘I 
- z,u + (D - Zm)w - U,D8 = zT?WO (VII-I) 

0 - M,m i + @DaDa - X,D)e = MwwO 
/ 

The nation represented by these equations continues 
until a certain angular displacomont Bg is -roacho$, ?hich 

.._ 

is equal to the angular lag of the autonatic pilot. The 
value of 8 g is determined by the size of tho gap in the 
air pick-off (which is of the order of 7' as a mininum) 

-. 
. . -__. 

and the conbined or equivalent inertia of tha pilot. In 
these calculations *, is assumed to bo 0.5', which prob- 
ably represents the maximum lag likely to be used for a 
small airplane. . - -.A ._.._ --.. -: 7 , 

(D - x,)u - x.$x $- g:6 

- Zuu + (D - Z,)n - U,D8 

The calculations for the solutions of equations (VII-2), 
in view of the calculations previously made in section III, 
were nbst conveniently nade by splitting us the equations 
into two parts: .- 

(D - q&.l - X,a + ge = x+vo 

- Zuu -I- (D - Z,)n - U,D 6 = Z,m, (VII-3) 

0 - Mgi- 

and 

(D - x&l - X,n 

- Z,u f (D - 2, > 

0 - M,m 

+ (JigaD - MqD - IQ)6 = &x0 
/J 

I?- U,D 8 =o 

c (Kg2 D2 - blqD - "f&? = -4$Sg 
I 

(VII-B) 
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In figure 20, curve A is the solution in e/w0 of l 

equation (VII-4) and curve B is the. solution in e/w0 ob- 
tained by adding the solutions cf equations (VII-Z) and 
equations (VII-4) and so obtaining the solution.cf equa- 
tions (VII-2). In figure 8, the displacement 8/m, in 
radfans per foot per second is plotted against tfme. As- 
suning'a value of 30 feet per second for m, and putting 

% = 0.5O, the value of GO becomes 0.00029. For the 1- 
notion in which MQ = 0, this value corresponds to a tine ..-L 
% = 0.15 second, approxinately. 

After the lag has boon overcclfle, the aot-&on nay be 
TQproSentQd vary closely by equations (VII-2). In these 
oquat-ions the effect of the initial velocities ug, %' 

.- 

and qg at timo 'tg = 0.15 second is neglected, because 
they am so $nall. It is evident t-hat, oming‘to the lag, 
the gyroscopic stabilizing factor is indeed represented by 
the expression M8(0 - 8,), nhere E, = 0.5/5x3 = 0.0087 
radian. Here, as in previous sections, M8 =.i 2,160. f 

Of course, the motion represented by curve B af figure 
20 or in equation (VII-2) does not continue indefinitely. 
The motion continues until a maximum displacement in pitch 
emax is obtained at which time q = de/at = 0 and t= 
*rn = 0.25 second. (In reality, the actual time at this 
instant is %l + tg = 0.25 + 0.15 = 0.40 secoGd.) - 

At the instant when q = 0, the further displacement 
of the elevator ceases and, on the return displacement of 
the sirglane, the action of the automatic pilot is repre-. 
sented by the exgression X6(6 + S,), oming to the lag. 
The reversal in lag in these calculationsis taken as oc- 
curring instantaneously, which is not strictly accurate., 
To take accurate cognizance of the gariod of reversal 
would introduce overwhelming comploxitiss, and no .s.crious 
Qrrors are introduced by this approximation because 8 g 
in practice rvill, for an airplnno oftho size considered,. 
be considerably smaller than the 0.5' employed in those 
calculations. 

a 

..~ 

; 

-. .,. 

- 

:. 

In order to allaw for the rovorsal in lag, the solu- 
tion of tho equations 

- 

? 
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+ fze -=I 0 

>w - U,D 8 = 0 

(D - Xu)u - x,w 
- Z,u -I- (D - Z, 

0 a - Mww 

is undertaken. 

+ (KB2Da - HqD-11 )8 = 2M68g 

J 
- 

The appropriate values for the solution of equations ....-,--- 
(VII-5) are plotted in curve C of figure 20. '- --- 

If curve C is displaced to the right to time t, = 
0.25 second and superimposed on curve 3, the resultant mo- 
tion shown in curve D is obtained. This curve gives ap- 
parently a constant value of 8/m, = 0.00025. But it must 
be remembered that, in the curves of figure 16, t 7 0 is, 
in reality, 0.15 second and that 0/n, = 0 is, in reality, 
-0.00029. When appropriate changes are introduced for--these 
initial conditions, the actual motion is that. &own Tn fi&- 
ure 21, in which the fictitious constant value disappears. 

- ..- 

Table VII-1 contains a suxbary of the scrtincnt sol?- _._ 
tioner. A comparison of the curve of figure 9 nith the 
curve of figure 21 (with Me introduced) s3orrs that ,thd 
lag of the automatic pilot doos &c& change t3c char-actor 
of the motion in 6 asprociably. .. 

TABLE VII-l 

For tb equations ..-~ 

(D - X,)u " X,-w + e8 ..- 0 -. 

- Z,u + (D - Z,)rr - UoD 8 =o . . _ 
0 - El,g + (KBaDa - MqD - X6)8 = -M~0g 

e/m, = 
-0.2008t -4.6108t 

-0.000256 - 0.000036e -I- 0.000063o . 

-4.9235t -~ -- 
-I- 0.0002690 cos(9.8191t - 0.3649) 
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(D - x&l - X,w + 0 = 0 l . . . 

- Z,u + (D - Z&v - UcD 0 = 0 

0 . - M,tv + (KB2Da - MqD - Me> 8 = 2Me EIg - 

-0.2008t -4.6108t 
e/w0 = 0.000512 -!- 0.000072e -0.000326e 

- 

-4.9235t 
- 0.0005388 cos(9.8191t - 0.3649) 

VIII. MOTION IN A VERTICAL GUST VITH INTERVAL OF 
- .- 

TCIhKF, FOR THE GUST TO -CR THE TAIL 

SURFACES TAKX:T INTO AGCOUITT 
- 

When an airplane passQs into a region where there is a 
vertical gust, an interval of time elapses before the ver- 
tical gust reaches the tail surfaces. The calculatLons of 
this section were made to ascertain the effect of-this lag. 

Iii 
-. - 

L 

Elementary Theory of Gust Lag 

If the airplane enters a region in which a steady 
vertical gust of.intensity w. exists, there is an inter- ' 
val of time t = Z/U, (where b is the distance from the 
center of 1)rcssure of the wing to the cont-or of.pressure 
of the tail surfaces) during which tho tail surfaces are 
not affected by the gust; the angle of attack af t&Q tail 
surfaces relat!!.vo to the wing is therefore lessonod by an 
amount 

@Jo l 
Thereby a stalling moment is introduced 

mhich, referred to unit mass, may be represented by the 
equation 

% = 57.3 z uo2 St 6 ) s.L 
a 

ELLz; 
t % 

= 57.3 z u, St (2) 
. 1, 

w. 1 4 (VIII-l) 
t- a - 

r-rhere 

r 1 r 

.- 
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density, 0.002378 slug/cu. ft. 

mass of airplane, 56 slugs. 

area of horizontal tail surfaces, 32.1 sq. ft. 

distance between centers of pressure. ..-- 

slope of lift of tail SUrfaCeS, equal to 0.043 
per degree. (This 10-x value is due-to the 

.- 

low aspect.ratio of the tail surfaces, aDprox- 
imately 1.73.) 

-7 = 30 f.p.s. . . 0 _ 
so that 

% = 127.0 ft .-lb. per unit mass. 

The interval of time t = 1/U, = 20/112.5 = 0.18 second. 

- 

Motion with Gust Lag Taken into Acco-unt Without the- _- -_ 
Introduction of the Gyroscopic Stabilizing -- 

Element 

tfons 

(D - X,)u - qi? 

u Z,u + (D - 3, 

0 - b&m 

+ go 
7.7 - U,D 6 = Z,vO (VIII-2) 

-f- (9D2D2 9 M,D)6 = M,wo - I 
/ 

The motion with gust lag taken into account is the 
sum of the motions represented by the two sets cf equa- 

.-- 

for which solutions have already been obtained in section 
III, and 

(D - x,)u - xg- -I- $6 =o . 
- 7, UU + (D ” Zv)” -U,D6 - = 0 

I 

(VIII-3) 

0 - M,n -I- (Kg2 D" - MqD ) 6 = Iit 
1 4 

' The'mctian in 6 mithout the vertical gust intervening 
derfved from equations (VIII-3) is gi.vcn'by curve A of fig- 

.- 
6. 

ure 22. 



After the interval of 0.18 second, the vertical gust- 
embraces the entire airplane, and the ensuing motion must I = 
be c??lculated from the equations - 

\ 
( D-X, 3 u--x,.+ +g 6 =Y +vo'Duo ' 

-KU + (D-Zw)~-~,~ 6 = z~~vo+DTvo UJoDBo ' 
I 

. 

(VIII-4) Ll 

0 -%v= +(K; l%MqD)6 = MJ~,sK; D2 6, '-MqDBo ' 

+KB2Dqo' I 

where 

I %I ' is the velocity along the OX axis at t = 0.18 
and. uof/mo = 0.0330. 

IV0 I, 

8, '9 

1 
qo ' 

velocity along'the OZ axis at t = 0.18 and 
=0 +x0 = - 0.5720. 

angular displacement in p!-tch at t = 0,18 
and 6, 'ho = 0.00025. 

pftchlng.angular..velqc.ity at t = 0,18 and 
90 'ho = Q.0057. 

- 

. . 
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The motion in 6 due to the gust wo, obtained from 
the solution of equations (VIII-2) is given in curve B of 
figure 22. 

. 

The resultant motion due to the gust w. and to the 
stalling moment Mt is indicated in curve C of figure 22. 

It is interesting to note that, although the vertical 
gust pr.educes a negative displacement in 6 (as'might be 
expected since the statically stable- airplane tends to 
head down into the resultant wind), the stalling moment 
naturally produces a positive displacement in pitch. The 
initial disturbance of the airplane in pitch is there-fore 
less marked than when the vertical gust is taken as act- 
ing over,the entire airplane. 

-.7 

-; 

.- 

Motion After the Effect of Gust Lag Has Vanished 

The. calculation is continued by introducing uo', war, 60', 
and q * as initial values. 0 
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In order to solve equations (VIII-4), it is conven- 
ient to separate them into the equatipns 

(3 - XJU - X,m + g 6. = x,wo 

- Zuu ?- (D - Zw)w - U,D 6 = ZWwO 
0 - %n + (rrB2D2 - M,D)e = Gmo 

for nhich solutions are already available from section III 
and the following equations, mhich allow for the initial 
conditions: . . . 

( D-x, > u-%w -t-g 8 = Duo' 

-Zuu +(D-Z&v-U,D 6 = Dm,' -UoDeo 1 (VIII-5) 

0 -M,W +(KD2f -X,D)6 = KDeD2 6. '-MqDBo ' 

+KDaDqo * 

The solution in 0 from equations (VIII-5) is 

e/w, = - -7.241-b 
0.002568 Cos(3.7414t - 0.8185) 

-0.0884t 
+ 0.00234e cos(O.l819t-0.5441)' (VIII-6) 

The complete motion, including that indicated in cUTve 
G of figure 22 and the subsequent motion obtained by.the- 
solution of equation (VIII-4), is shown in figure. 2?. The 
curve has been plotted only up to the tfme t = 3.0 &c-C%db -- .- 
from the initial instant when the vertical gust,first 
struck the airplhne. 

It is interesting to compare the notion in 6 of fig- 
ure 19 with that indicated in figure 8. '#hen the-upward 
vertical gust is taken as striking the entire airplane in- 
stantaneously, the maximum angular disturbance is a'YiEgr.- 
tive one. 'iVhen the delay ih reaching the tail surfaces is 
taken into account, the maximum angular di'sturbanc-k-l's a 
positive one, although it is much smaller num:rically than 

.. 

when the delay is neglected. -- .- .- *--- -- .- -- 

From this result, it is inferred that: 
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1. The vertical acceleration is certain to be great- 
er when the gust lag is taken into account, because the 
angle of attack of the main wings is actually increased by 
the action of the gust, 

2. It has been sufficiently demonstrated by previ- 
ous sections that the action of the gyroscopic stabilizing 
element is altvays to reduce the angular disturbance. Be- 
cause there is a greater angular disturbance with this 
type of gust lag, the automatic stabilizer should be even 
more valuable under such circumstances. 

CONCLUSIONS 

Owing to the complexity of the subject, the present 
investigation can only be regarded as a preliminary one. 
Also the investigation suffers from the fact that calcula- 
tions have been restricted substantially to one airplane. 
Nevertheless, a method of apnroach has been established, 
and certain tentative conclusions may be set down. 

1. 
ment is, 

The introduction of a gyroscopic stabilizing ele- 
in general, a most powerful method of increasing 

the stability of an airplane. 

2. The introduction of a gyroscopic stabilizing ele- 
ment has a s%lghtly detrimental effect on the short oscil- 
latiqn, whose period becomes more rapid and whose damping 
time increases. In an ultrasimplified conception of tLe 
short oscillation, velocity along the 
sid-ered to remain constant. 

X axis may be con- 
With this assumption the air- 

plane may be imagined as running into a region $n tvhich a 
vertical upmard current exists. Immediately the airplane 
tends to rise owing to the increased angle of attack but 
tends at the sane time to nose down into the relative wind. 
Also, as the airplane tends to rise, the relative angle of 
attack again dimfnishes. Therefor.e the--initial excess of . 
lift does not exist very long, 
damped, 

and tha motion is rapidly 
When, however, 

is introduced, 
the gyroscopic stabilizing elenent 

it tends to oppose the nosing down into the 
relative mind, so that the initial excess lift is somewhat 
greater t-han with' the naturally stable airplane. This ex- 
planation gives in rough and simplified fashion the dotri-' 
mental effact on the short oscillation, At the same time 
every calculation presented in this report- indicates that 
the effect of the gyroscopic stabilizing element on the 
short oscillation is not serious. 

n 
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3, The long oscillation mky be very roughly consfd- 
ered in the.light of Lanchester's treatment of the phugoid. 
The airplane of natural inherent stability is supposed to 
nose down immediately into the relative Rind and hence to 
have no excess lift. It therefore moves domnnard acquir- 
ing excess velocity and excess lift, until the excess lift 
,gives it an usward velocity in excess of the upward veloc- 
ity of the gust. 
time; 

But this motion takes an appreciable' 
and the oscillation therefore has a slow beriod and - 

slow damping. Vhen, however, 
element is introduced, 

the gyroscopic stabilizing 
the travel along a downwardly in- 

clined path is soon checked, the attitude to the horizon- 
tal reinafns almost unchanged, and the excess lift soon dis- 
appears;, the airplane assumes the steady nction of the up- 
ward current of air, 
turbance. 

svith rapid disappearance of the dis- 
This discussion is oversimplified but explains 

the replacement of the long oscillstioa by two mall-damped 
aperiodic motions, as alrvays indicated in the calculations 
of this report. 

- 

4. When the coefficients G, I), E of the biquadratic 
equation are studied in detail, it is seen that the effect 
of the introduction of Mg o'vershabotvs the effect of if,. 
It may almost be.said that it is immaterial what the value 
of bfw may be, provided that a realizable value of-26 
is introduced into the airplane. 

5. khan as for the Fairchild 22 airplane, th'o val- 
ues of M q ai6 varied, it is -seen that Me again ova-r- 
shadows the effect of 
values of %I3 

% and, with considerably reduced 
- 

it is again possible. to secure satisfac- _--. -- P 
tory values of geriods and damping times by the use of -Fe. 

6. Even when M, and % are simultaneously re- 
duced, Me proves a cure-all., - 

7. It follows therefore that,, if an adequate gyro- 
scopic stabilizing element is introduced, the airpl.ane de- 
signer need have much less morry rogardlng longitudibal 
static stability or damping. 

-- 
Interesting departures from _ ._ 

classical airplane design are thus in prospect nith the 
use of the automatic pilot. Of course, conservative air- 
plane designers mill not at once abandon their efforts to 
secure inherent longitudinal stability; nevortholess, 
their thoughts ought me11 be turned in this direction 
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8. ';ahon tho actual motion of, the airplane is studied 
with the introduction of t-he gyroscopic stabilizing olo- 
nont, it is seen that ,tho inprovomont in notion night bo 
predicted from the-study of the biquadrat5c equation and 
its roots'. Such an improvement is faund to occur in every 
type of .disturbance studied; sudden vertical gust, delayed 
vertical gust, sudden head-on gust. It is ,in the decreased 
amplitude of the pitching motion that the improvement is 
most marked; again, when encozizitering the head-on gust, 
the improvement in the -motion is even more marked than in 
encountering the vortica;l gusts. 

.- 

-- 
I 

9. The mathematical representation of tho action of. 
the automatic pflot is far from conplct~, Novortigloss, it 
should'bo a close apgrdxination to actual conditions. 
When the lag of the automatic pilot is takon into account,. 
with a magaftude greater than that likely to occur in 
Dractico for an airplane of the sizo considorod in this 
report, there is a lessor improvement than mhon t-he '~idoal" 
gyroscopic stabilizing eloncnt is introduced. The charac- 
ter of the improvenont in motion ronains.substantially 
tho same and, providod that the dasignora of the automatic 
pilot koop lag vithfn close limits and prcvent hunting 
within tho unit itself, it is fair to think of tbo auto- 
matic pilot as boing.closc to tho action of tho !'.ido.ul" 

_-- 

. 

.I 
._ 

gravitational stabilizor. 

10. The effect of delay of a .vcrtical gust in reach- 
ing the tail surface is shown to be rolativoly uninpor- 
tant and not likely to affect the general conclusions. 

11. There is ample room far furthor investigation of 
the subject, which the trenendous potentialities of the 
automatic pilot rrould fully justify. 

T 
- .T 

Daniel Guggenheim School of Aeronautics, 
New York University, 

Stew York, N.Y., June 1938. 

1 ” 
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Fiwre.ll.- Pitch angle 8 against time,t for exponential gust wo(l-eBt). 
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Ii?igurel2. - uoq against time,tfor exporlential gust wo(l-e-t). 
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$Y.gura 13.- Resihal w against tise,t for constant-velocity gust uo. -. .-- ---- 
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Figure 18.- Airplane flying on level keel. 
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Figure 13.- Variation of sexvo- 
piston speed with airplane deviation. 
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Figure 22.- Solution of equation (VIII-S) for MgO. 
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